• For a complex algebraic variety X is the Gauß-Manin connection determined by the Hodge structure H * (X(C))? • If yes, does there exist a functor Ψ right inverse to Φ such that for each geometric mixed Hodge structure H the pair Ψ(H) coincides with H endowed with the Gauß-Manin connection, and Ψ(H ⊗ H ′ ) ∼ = Ψ(H) ⊗ Ψ(H ′ )? • If the ∇ is determined by the Hodge structure in a unique way, how to express ∇ in terms of the Hodge structure? (This assumes that there should be a certain supply of functions on Shimura varieties classifying the Hodge structures.) In general these questions are very difficult. In this paper we consider some special cases of the problem. In particular, in Proposition 3.2 below we show that such a functor Ψ exists for the restriction of Φ to the subcategory of mixed Tate structures and it is unique. The connection constructed there is non-integrable in general, so, if any Hodge substructure of a geometric Hodge-Tate structure is again geometric, its integrability gives a non-trivial necessary condition for a Hodge-Tate structure to be geometric.
We also compute explicitly the Gauß-Manin connection in terms of the Hodge structure for some geometric Hodge stuctures of small rank.
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The absolute Gauß-Manin connection: definition
Let X • be a smooth simplicial quasiprojective variety over a field k of characteristic zero. For any i ≥ 0 reduction modulo the ideal generated by (i + 1)-forms on the base field k gives 1 the following short exact sequences of complexes of sheaves of exterior powers of absolute Kähler differentials on
This gives rise to the sequence of homomorphisms with composition ∇ called the Gauß-Manin connection:
Let X • be a smooth compactification of X • by a divisor with normal crossings D • . Then the de Rham cohomology of X • is identified canonically with the hypercohomology of the simplicial logarithmic de Rham complex Ω
(log D • ) on X • , so one can define the Hodge filtration on the de Rham cohomology groups by
. One has the following short exact sequences of complexes of sheaves of exterior powers of absolute Kähler differentials on X • which is a logarithmic version of the sequence (1):
Replacing the complex Ω
, we get the Griffiths transversality property:
Basic properties of the Gauß-Manin connection
Though the most of what follows is presumably valid for arbitrary smooth simplicial schemes, we restrict ourselves to the case of smooth proper varieties.
The following properties of the Gauß-Manin connection are almost immediate.
• As ∇ coincides with the first differential in the Leray spectral sequence E
• Since each morphism f : X • −→ Y • of smooth simplicial schemes induces a morphism of the Leray spectral sequences for X/k and Y /k, the Gauß-Manin connection is functorial with respect to pull-backs.
• It is easy to see from the Künneth decomposition Ω
Y for a pair of smooth proper schemes X, Y , that the Gauß-Manin connection on H * dR/k (X × k Y ) coincides with the tensor product of the Gauß-Manin connections on H
• In fact, one has a stronger version of the Gauß-Manin connection. Namely, it is defined also on the entire "conjugate spectral sequence" ∇ :
2 . It comes from the composition of morphisms of sheaves:
, where the first map is the coboundary in the cohomological sequence for (1) with i = p = 0 and the second is evident. This implies that the coniveau filtration is also respected by the Gauß-Manin connection. In particular, all elements of the subgroups
2 are horizontal.
• The above properties together with Poincaré duality give the functoriality with respect to Gysin maps.
• There is an increasing filtration W • on the complex Ω
given by limiting the number of logarithmic poles, and inducing a functorial increasing weight filtration W • on the cohomology groups H q dR/k (X • ). The weight filtration is obviously respected by the Gauß-Manin connection:
• One can also state some properties of the gauge-equivalence class of the Gauß-Manin connection using the properties of variations of Hodge structures.
Proposition 2.1. If the Hodge conjecture for H 2q is true then for a given pure effective Hodge structure H of weight q there is at most one connection ∇ such that H is a Hodge substructure of the q-th cohomology group of a smooth projective complex variety with ∇ induced by the Gauß-Manin connection.
Proof. Suppose that H as a pure Hodge structure is isomorphic to Hodge substructures of both H q (X) and of H q (Y ) for some smooth projective complex varieties X and Y . By Lefschetz hyperplane section theorem we may suppose that dim X = q. Then there is a morphism of Hodge structures α : 
C , is one of basic invariants of the connection ∇ H . Here H ∨ is the Hodge structure dual to H. It follows from the compatibility of ∇ with polarizations, duality and tensor products that
If X is a complex algebraic variety and H = H q (X) is the group of singular cohomology of X(C) with Z-coefficients for some integer q ≥ 0, one has the de Rham isomorphism H ⊗C ∼ −→ H dR/C , and polarizations Q w : gr 
if H is a pure structure of weight 0
+ 1 if H is a pure structure of weight w.
We will need the following Proposition 2.2 (Katz, [K] , [D1] ). Let S be a pathwise connected and locally simply connected topological space and (H, F, W ) is a family of mixed Hodge structures on S such that each of the families (gr
Suppose that the Hodge filtration F is locally constant, i.e., comes from a filtration of the complexification H C by local subsystems. Then there exists a finiteétale cover π :
Lemma 2.3 (Rigidity). Let f : X −→ T be a morphism of complex smooth algebraic varieties. Denote by f the natural morphism of topological spaces X(C) −→ T (C). Suppose that R q f * Z is a local system of isomorphic Hodge structures. Then each path γ : [0, 1] −→ T (C) gives rise to an isomorphism
Proof. Since the Hodge filtration on the stalks of R q f * Z defines a filtration of R q f * C by local subsystems, the Proposition 2.2 implies that the local system R q f * Z becomes trivial on a finite cover of T . Without a loss of generality we replace T with such a cover, and moreover, assume T affine and connected.
Then for any point s of
is surjective and its kernel is independent of s. Applying the functoriality of the Gauß-Manin connection to r s , one gets that ∇(ker r s ) ⊂ Ω 1 C ⊗ ker r s , and thus, (
Corollary 2.4. For a given Hodge structure H there is at most a countable set of ∇'s such that (H, ∇) is a cohomology group of a smooth projective complex variety with the Gauß-Manin connection.
Proof. There exists such a countable set of families of smooth projective complex varieties that each variety is isomorphic to an element of at least one of the families.
1 It follows from [S] , that the fibers of the period map are algebraic, and thus, we can apply Lemma 2.3 to conclude the proof. 2
1 For each pair of integers 1 ≤ r < N , a collection of integers 2
one defines a family by homogeneous equations of degrees d 1 , d 2 , . . . , d r whose coefficients are zeroes of polynomials P 1 , . . . , P s .
Proposition 2.5. Suppose that for a smooth proper algebraic variety X over C and an integer q ≥ 0 the Hodge filtration on
is the Hodge structure of the q-th cohomology group of a variety defined over Q.
Proof. Choose a smooth surjective morphism X π −→ S of varieties over Q and a generic point s 0 ∈ S(C), i.e., an embedding of fields Q(S) ֒→ C, such that the fiber of X over s 0 is X.
Then, shrinking S, if necessary, we get from Proposition 2.2, that the variation R q π * Z of mixed Hodge structures is a locally constant local system inétale topology. Then, by Lemma 2.3, for any point s 1 ∈ S(Q) we have an isomorphism of mixed Hodge structures equipped with connections (
Example 2.6. For any integer m ≥ 2 those elements of Ext 1 HS (Z, Z(m)) corresponding to cohomology groups of algebraic varieties, correspond, in fact, to cohomology groups of algebraic varieties defined over Q.
Proof. In our case F 1−m = · · · = F 0 , so, by the Griffiths transversality (4), for any integer 1 − m ≤ p ≤ 0 one has
This means, that the assumptions of the Proposition 2.5 are the case. 2
Proposition 2.7. If H is a geometric pure Hodge structure then (H ⊗ C) ∇ ⊗ Q C coincides with H ′ ⊗ C for a Hodge substructure H ′ with horizontal Hodge filtration.
Proof. This follows from the exactness of the sequence [EP] .
2 Conjecture 2.8. For any geometric Hodge structure H the horizontal subspace H ∇ is a Hodge substructure isomorphic to a power of Q(0).
If H
∇ is a Hodge substructure of weight w, there is a non-degenerate pairing H ∇ ⊗ H ∇ −→ Q(w) compatible with the connections, so there are no rational horizontal elements in geometric Hodge structures of non-zero weight.
By Propositions 2.5 and 2.7 a horizontal Hodge structure comes from a variety defined over Q, and thus the Conjecture 2.8 is equivalent to transcendence of certain periods of varieties over Q.
3. Hodge-Tate structures 3.1. Calculation of the connection on the logarithmic structures. Consider the first relative cohomology group of G m modulo {1, a} for some a ∈ k. To calculate this group we present G m as the complement of P 1 to the divisor (0) + (∞) and then
. We can choose a covering P 1 = U 0 ∪ U 1 , say, with U 0 = P 1 \{a} and U 1 = P 1 \{1}.
5 1-cocycles in theČech-de Rham complex are collections (f ij , ω i ) with i, j ∈ {0, 1} and df ij = ω i − ω j , where
Note, however, that adding a coboundary, we may assume the 1-forms ω i to be regular at the points 1 and a, and therefore the 1-form df ij to be also regular at the points 1 and a. Since df ij is regular everywhere on the projective line, df ij = 0, so f ij is a constant and ω 0 = ω 1 . The latter means that
Finally,
where (1, 0) denotes the 1-cocycle presented by the function 1 on U 01 .
the first map is diagonal and the second map is given by (s, t) −→ (s − t, 0). In particular, denote by e 0 the image of (1, 0), equivalently,
). Note, that e 0 lifts tautologically to a 1-cocycle in the first term to a section η j of the sheaf of absolute 1-forms
over each element U j of the covering, say,
. Then the coboundary of the 1-cochain (η j ), a 2-cocycle iň
This gives the formula ∇(
e 0 for an arbitrary choice of log a ∈ C. Then ∇e 2 = a −1 da−d(log a) 2πi ⊗e 0 − dπ π ⊗e 2 . Finally, for Hodge structure H of rank 2 and weights 0 and 2, and any element ξ of
where e 0 = 0 is an element of W 0 and ξ − z 0 e 0 ∈ F 1 . It is easy to see that (5) is independent of e 0 . Lemma 3.1.
2 For any Hodge-Tate structure H inclusion maps induce the decomposition
Proof. Note that F k ∩(W 2k−2 ⊗C) = 0, so the subspaces F k ∩(W 2k ⊗C) and F l ∩(W 2l ⊗C) intersect trivially when k = l, and the canonical projection ϕ k :
⊗C is an isomorphism. Comparison of dimensions of both sides of (6) ensures it is an isomorphism. 2
As a consequence of this Lemma, we get a new Q-structure
for complexification of arbitrary mixed Tate structure. Let H be an abelian category of Hodge-Tate structures containing all logarithmic structures, invariant under Tate twists and containing each Hodge substructure of each its object. Consider the category whose objects are objects of H equipped with a connection satisfying the Griffiths transversality and morphisms are morphisms of Hodge structures commuting with connections.
Proposition 3.2.
• There is a unique functor H −→ (H, ∇ H ) right inverse to the forgetful functor objects of H equipped with a connection satisfying the Griffiths transversality −→ H such that for a logarithmic structure H the connection ∇ H coincides with the Gauß-Manin connection calculated above, and ∇ H induces the same connection on H ⊗ C = H(1) ⊗ C as ∇ H(1) .
• The above connection on a Hodge-Tate structure H is integrable if and only if the above connections on W 2k /W 2k−6 (k − 3) are integrable for all integer k.
Proof. It follows from the functoriality, applied to the morphism W k −→ H, that ∇ respects the weight filtration, and therefore, from the calculation for the logarithmic structures, that the connection on the structure Z(0) is zero. This implies that ∇ :
Combining these with the Griffiths transversality ∇ :
It is clear from the decomposition (6) that it suffices to construct the latter maps, and that ∇ is integrable if and only if the restrictions of
(W 2k−6 ) C = 0, the vanishing of the latter restrictions is equivalent to the vanishing of the induced maps
By the functoriality and compatibility with the Tate twists, to construct that map for some k we may identify the space F k ∩(W 2k ) C with the space
. In fact, we may suppose that there is an exact sequence 0 −→ Z(0)
for some non-negative integer s. Then H ′ can be identified with a Hodge substructure of a direct sum of logarithmic Hodge structures, where we have fixed the connection. 2 Remarks. 1. It is easy to see that the connection constructed in Proposition 3.2 on the tensor product of two Hodge-Tate structures coincides with the tensor product of the connections on that Hodge-Tate structures.
2. It follows from Section 3.1 that for a Hodge-Tate structure H of rank 3 with weights 0, 2, 4 the connection ∇ H is integrable if and only if e πiz 0 and e πiz 2 are algebraically dependent, where z 0 and z 2 are determined by the conditions e 0 ∈ W 0 \{0}, e 2 ∈ W 2 \W 0 , e 4 ∈ W 4 \W 2 , e 2 − z 0 · e 0 ∈ F 1 and e 4 − z 2 · e 2 ∈ F 2 (W 4 /W 0 ) C . This implies that for each element a ∈ C × there is a natural embedding C × /(Q(a)) × ֒→ Ext 2 (Z(0), Z(2)), where Ext 2 is calculated in the category of flat Hodge-Tate structures.
Examples: some Hodge structures of rank ≤ 3
Up to the Tate twists and the duality the options for a Hodge structure of rank ≤ 3 are:
• it is Hodge-Tate;
• it is pure of weight 0, or −1;
• it is an extension of Q(0) by a pure structure of negative weight.
We have calculated the "Gauß-Manin" connection for Hodge-Tate structures in the previous section, so we eliminate them in what follows.
Pure Hodge structures of rank 2. For any square-free positive integer D denote by E D an elliptic curve with complex multiplication in Q(
(1) with the kernel Q · id. The classes of endomorphisms of the curve generate a Hodge substructure in
(1) be the element corresponding to 1 ∈ Q(0).
. This is a geometric Hodge structure of weight k, rank 2 and with Hodge numbers
⊗k as follows. Let τ be a complex multiplication of E D , τ * the induced endomorphism of the first homology group, and γ 1 a non-trivial element of
where c = (τ − τ ) γ 1 , γ 2 . In particular, when k is even the polarization is of type x 2 + Dy 2 .
Claim 4.1. If {γ Proof. It will follow from Example 4.2 that 2πi∇γ 1 = (ω 2 dη 1 − η 2 dω 1 ) ⊗ γ 1 + (η 1 dω 1 − ω 1 dη 1 ) ⊗ γ 2 and 2πi∇γ 2 = (ω 2 dη 2 − η 2 dω 2 ) ⊗ γ 1 + (η 1 dω 2 − ω 1 dη 2 ) ⊗ γ 2 . Rewriting the latter using γ 2 = τ * γ 1 as 2πi∇γ
. As a corollary of these formulas, 2πi∇
Due to the Chowla-Selberg formula (cf., e.g., [W] ) ω 1 is an algebraic multiple of π
, where w is the number of roots of unity in Q( √ −D), h is the number of classes of ideals in the ring of integers in Q(
is the Jacobi symbol. 2 • Now, a pure polarized Hodge structure of rank 2 of even weight w is a triplet of a lattice H of rank 2 with a symmetric definite Q(−w)-valued bilinear form on it, and an integer k > w/2. Then the Hodge filtration is given by
where F k is the isotropic line, on which the corresponding hermitian form is positive, so for a fixed triplet of integers (k > w/2, D > 0) there is at most one isogeny class of polarized Hodge structures of rank 2, weight w with polarization of discriminant D. On the other hand, the Hodge structure M 2k D (k − w/2) gives the example.
• To determine a polarized Hodge structure of rank 2 and odd weight w means to fix a lattice H of rank 2 with an isomorphism ∧ 2 H ∼ −→ Z(−w), an integer k > w/2 and a line F k ⊂ H C , on which the corresponding hermitian form is positive. Then the Hodge filtration is given by
then the Griffiths transversality condition and Proposition 2.5 imply that such geometric Hodge structures correspond to varieties defined over number fields. At least some of the examples of them are constructed in [D2] . In particular, the Hodge structure
) gives the example. 
The Hodge structure H is naturally isomorphic to H 1 (E(C)) for the elliptic curve E(C) = L/H. Our nearest aim is to obtain an algebraic equation (8) of E, and therefore, express a basis (11) of the de Rham cohomology of E in terms of H. This enables us to calculate the connection in (12) and in Example 4.2. Set
Az + 2 7
Since any holomorphic elliptic function is constant, we land on the well-known relation
Fix a twelve-th root ∆ ∈ L −1 of −4A 3 − 27B 2 and define the complex numbers a = A/∆ 4 and b = B/∆ 6 , so 4a
Starting with elementary identities in Ω
and fixing the following differentials of the second kind on E ω = dx 2y = −dz and
we get then the following congruences modulo exact forms
This information is enough to find the Gauß-Manin connection:
So we get
Then from the identities
we get ω, ∇γ = d ω, γ − 3 ϕ, γ κ and ϕ, ∇γ = d ϕ, γ − a ω, γ κ. Fix such a basis {γ 1 , γ 2 } of the lattice H ⊂ L that the imaginary part of γ 2 /γ 1 is positive. Let ω 1 = ∆ · γ 1 and ω 2 = ∆ · γ 2 be the complex numbers corresponding to γ 1 and γ 2 , respectively, and η j = ∆ −1 · 2ζ H (γ j /2). Using the Legendre relation ω 2 η 1 − ω 1 η 2 = 2πi, one easily verifies that the following holds.
Example 4.2. Fix a basis {γ 1 , γ 2 } of H as above. Then, in the above notations,
4.2. Pure Hodge structures of rank 3. Since any pure Hodge structure of odd rank (3 in our case) is of even weight, we may suppose the weight is 0. To determine such a polarized Hodge structure one has to fix a lattice H of rank 3 with a non-degenerate symmetric Z-valued bilinear form on H, a positive integer k and an isotropic line F k ⊂ H C , on which the associated hermitian form is positive. Then the Hodge filtration is given by
, where F 0 is the two-dimensional subspace orthogonal to F k . In particular, for a fixed k the classifying space of such structures is uniformized by a connected component of the complement of a smooth conic in the complex projective plane to the set of its real points.
• When k = 1 the Hodge structures sl(H 1 (E)) for arbitrary elliptic curves E give all desired Hodge structures with polarization of type x 2 − y 2 − z 2 , and thus, in this case the calculation of the connection is again reduced to the case of elliptic curves.
• If k ≥ 2 then the Griffiths transversality condition and Proposition 2.5 imply that such geometric Hodge structures correspond to varieties defined over number fields.
4.3. Hodge structures of rank 3 and weights −k for k ≥ 2 and 0. Let for some t > k/2 the Hodge filtration on weight-(−k) part be in the following range:
• If t > k + 1, or k/2 + 1 ≤ t < k − 1, then the Hodge filtration is obviously horizontal. If t = k + 1 then the filtration looks like 0 =
On the other hand, F 1 ⊂ (W −k ) C , and therefore, one has
Finally, we get that for t ≥ k and k/2+1 ≤ t < k −1 the Hodge structures correspond to varieties over Q.
for an odd k ≥ 5, then the connection is trivial on the preimage of Z under the map F 0 −→ gr W 0 ⊗ C = C, while the rest is a Hodge structure of rank 2, where the connection is already calculated.
• If t = k − 1 for k ≥ 3 then suppose for simplicity that W −k is a Hodge substructure of maximal width of H k−2 (E k−2 )(k − 1) for an elliptic curve E. Then it is expected that classes of geometric extensions of Q(0) by H k−2 (E k−2 )(k − 1) are in one-to-one correspondence with certain classes of motivic cohomology:
As the images of regulators on K ≥2 are countable (cf. Claim 2.3.4 of [Be] ), such extensions form a countable set.
4.4.
Hodge structures of rank 3 and weights −1 and 0. These ones are extensions of the Tate structure of weight 0 by Hodge structures of rank 2 and weight −1.
• Let for some t ≥ 2 the Hodge filtration be in the following range:
On the other hand, F 1 ⊂ (W −1 ) C , and therefore,
so the Hodge filtration is again horizontal. This means that for any t ≥ 2 these Hodge structures correspond to varieties over Q.
• Now suppose that t = 1. We have calculated the Gauß-Manin connection on the weight-(−1) part, the rest is as follows. We keep the notations of §4.1 above with the only exception: we denote by W −1 what was H there. Fix an element γ ∈ H projecting to the generator 1 of the Tate structure Z(0). Subtracting from it an element in F 3 Namely, it becomes transparent from the identities y 2 dβ 2 −β 2 dy 2 = (y 2 −β 2 )dβ 2 −β 2 d(y 2 −β 2 ) = (x−α)(x 2 +αx+α 2 +a)dβ 2 −β 2 d((x−α) 3 +(x−α)(3αx+a)).
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After some more work 4 we get
Using an evident expansion ζ(z) − ζ(z − z 0 ) = 1 z + ζ(z 0 ) + O(z) of the elliptic function in z for small z, and notation σ = σ W −1 (z) = z λ∈H\{0} (1 − z λ )e z/λ+z 2 /2λ 2 , we get y + β x − α · dx y = 2(ζ(z − z 0 ) − ζ(z) + ζ(z 0 ))dz = 2 · d log σ(z − z 0 ) σ(z) e ζ(z 0 )·z .
Obviously, one has tσ W −1 (z) = σ W −1 (tz) for any complex automorphism t of W −1 . In particular, it is an odd function in z. One easily checks that σ(z + µ) = −e (2z+µ)ζ(µ/2) σ(z) for any µ ∈ W −1 \2W −1 .
Namely, second derivatives of logarithm of both sides coincide as they are values of the elliptic function −℘ at points z + µ and z, respectively. This implies that difference of first derivatives of logarithm of two sides is a constant. Evaluation at z = −µ/2 shows that first derivatives of logarithm of both sides coincide. This implies that quotient of two sides is a constant. Evaluation at z = −µ/2 shows that the equality holds.
As a corollary, we see that the class γ ∈ H 1 (E\{0, (α, β)}; Z (1)) is presented by the 1-form y + β α − x dx 2y − ζ(z 0 ) · ω − z 0 · ϕ, so finally, we get the following. 
